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E-mail address: detou001@umn.edu (E. DetournayThis paper analyzes a general class of stationary trajectories for deep boreholes drilled using rotary sys-
tems. These solutions correspond to helical wells twisting around a vertical axis, which can degenerate
into straight or circular boreholes; they arise when the forces acting on the bit, and thus the penetrations
of the bit into the rock, are invariant in a basis attached to the bit. Under these stationary conditions, the
deformed conﬁguration of the bottomhole assembly (the lower part of the drillstring) is also invariant.
The paper formulates the equations governing these equilibrium solutions from considerations involving
the interaction between the bit and the rock, but also between the bottomhole assembly and the borehole
through the contact points at the stabilizers and at the rotary steerable system (the tool used to steer the
bit). It is shown that the stationary solutions are completely deﬁned by four parameters characterizing
the geometry of the wellbore: two at the scale of the bottomhole assembly (the curvature and inclination
of the helical axis), and two at the scale of the bit (the bit tilts, proxies for the borehole diameter). The key
dimensionless parameters that control the directional response of the drilling system are ﬁnally identi-
ﬁed, as well as the critical values of some parameters at which a pathological change in the response
takes place.
 2013 Elsevier Ltd. All rights reserved.1. Introduction It consists of heavier pipes and short elements of larger diameter,Drilling deep boreholes that weave complex trajectories in the
subsurface has been made possible with the development of direc-
tional drilling systems. The need for complicated well paths arises,
within the context of exploration and production of oil and gas,
from a variety of reasons that include: accessing a hydrocarbon
reservoir capped by a salt dome, complying with constraints on
the location of the rig relative to the target, drilling multiple wells
from one location to reduce cost or limit the environmental im-
pacts, and rescuing a distressed well. A key factor in the ability
to construct complex wells has been the emergence of the rotary
steerable systems (RSS) in the late 1990’s. These servo-controlled
downhole robots steer the bit by either applying a force on the
borehole wall or by tilting the bit.
Fig. 1 sketches a rotary drilling structure used in the oil and gas
industry. This structure comprises a rig, from which is suspended
the drillstring, a hollow slender tube that can reach several kilome-
ters in length. The rotary speed and the axial force (hookload) are
imposed at the rig. The lower part of the drillstring is the bottom-
hole assembly (BHA), which is usually about a hundred meters long.ll rights reserved.
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).called stabilizers, which center the BHA in the borehole (Inglis,
1987). The bit is at the lower extremity of the BHA. While the main
part of the drillstring is in tension under its own weight, the BHA or
part of it is in compression in order to induce a sufﬁcient weight on
bit, the axial force transmitted to the bit.
The RSS is located close to the bit, between the bit and the ﬁrst
stabilizer. Such semi-automated device works in association with
sensors and downhole control units in order to steer the borehole
(Downton et al., 2000). Considerations are restricted here to push-
the-bit RSS, which use a set of extensible pads to apply a lateral
force on the borehole wall at a designated location.
Once stripped of all its mechanical components, a drilling struc-
ture is, in its simplest abstraction, an extremely slender elastic
body constrained to deform inside the borehole. It is subject to
gravity, hydraulic forces associated to the ﬂow of drilling mud, im-
posed forces at the rig and at the RSS, forces and moments at the
bit when drilling, and reaction forces at its contacts with the bore-
hole. The directional propagation of the borehole depends on the
forces and moments at the bit; they are affected not only by the ac-
tion of the RSS but also by the deformed conﬁguration of the BHA,
which is constrained by the stabilizers to espouse the existing
borehole. The propagation of the borehole is thus governed by
the interaction between a geometrical object, the wellbore, and a
mechanical object, the drilling structure.
During drilling, the evolving borehole is described at the scale of
the BHA as a propagating 3D curve, but also by its varying cross
Fig. 1. Sketch of a typical directional drilling apparatus equipped with a push-the-
bit RSS. The number of stabilizers is usually greater than 2.
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borehole with respect to the bit diameter is caused in part by the
tilt of the bit on the borehole. Hence, the borehole can conveniently
be described by four functions of a curvilinear coordinate running
along its axis: the inclination and azimuth of its axis to describe the
geometry of the borehole viewed as a curve, and two tilt angles
that characterize its geometry at the scale of the bit.
Study of this dynamical system is motivated by engineering is-
sues, which include deﬁning the criteria of bit selection, designing
the BHA, or devising an appropriate controller for the RSS with the
objective of tracking a predeﬁned well path. The starting point is to
formulate a mathematical model of the propagating borehole, i.e.,
to derive the equations governing the spatial evolution of the incli-
nation and azimuth of the borehole, and of the tilt angles of the bit.
These equations must embed a description of the mechanical sys-
tem that creates the borehole.
Only a handful of contributions dealing with the formulation of
such a mathematical model can be found, however (Neubert and
Heisig, 1996; Downton, 2007; Detournay and Perneder, 2011; Per-
neder and Detournay, 2013a). Moreover, these efforts are restricted
to particular cases. On the other hand, many numerical solutions
without any explicit description of the underlying mathematical
model have been proposed (Callas, 1981; Millheim, 1982; Brett
et al., 1986; Raﬁe, 1988; Maouche, 1999; Studer et al., 2007). Re-
lated efforts include those aimed at understanding the mechanics
of the BHA constrained to deform within the borehole (Murphey
and Cheatham, 1966; Fischer, 1974; Bradley, 1975; Millheim
et al., 1978; Ho, 1986; Raﬁe et al., 1986; Birades and Fenoul,
1988; Jogi et al., 1988; Dogay et al., 2009) and at deriving the inter-
face laws that govern the interaction of the bit with the rock forma-
tion (Cheatham and Ho, 1981; Ho, 1987; Ho, 1995; Menand et al.,
2002; Detournay et al., 2008; Franca, 2010; Perneder et al., 2012).
Despite the lack of a comprehensive formulation of the equa-
tions governing the borehole propagation, the equilibrium points
of this dynamical system can still be derived somewhat indepen-
dently. Before clarifying the nature of these stationary solutions,
a word of explanation is needed to justify their existence in the
presence of a lengthening borehole and thus an evolving mechanical
system. The arguments rely on recognizing the appropriate scale for
the borehole propagation model and on accounting for the nature of
the equations that govern the deformation of the BHA.
First, three length scales can naturally be identiﬁed in this prob-
lem. One corresponds to the dimensions of the bit, typically of
order O(0.1 m). The bit is viewed as a three-dimensional object at
this length scale, which is thus used when deriving interactionlaws between the bit and the rock formation. The second length
scale, of order Oð1  10 mÞ, is associated with the dimensions of
the BHA; more precisely, with the distance between successive
contact points between the BHA and the borehole. Finally, the third
one, of order O(103 m), is related to the problem of the entire drill-
string. As the borehole is propagating, the drillstring becomes long-
er but the BHA length remains the same.
Second, the propagation of the borehole is predominantly af-
fected by the positions along the BHA of the stabilizers closest to
the bit, all other parameters being ﬁxed. Indeed, the ﬁrst n stabiliz-
ers mainly control the steering of the bit in the sense that altering
the composition of the BHA by removing or repositioning the
(n + 1)th stabilizer, while keeping the ﬁrst n unchanged, hardly af-
fects the directional response of the system. (For most practical
purposes, n ¼ 3 is sufﬁcient.) The weakening inﬂuence of an addi-
tional stabilizer derives from the nature of the equations governing
the deformation of the BHA. This implies that it is appropriate to
‘‘cut’’ the BHA above the nth stabilizer and replace the rest of the
drillstring by forces and moments, which themselves are supposed
unaffected by the steering of the bit and by the RSS force. The
forces and moments at the cut can be calculated using a drillstring
model, also called torque and drag model, which is mainly con-
cerned with the transmission of the axial force and torque along
the drillstring (Johancsik et al., 1984; Ho, 1988; Aadnoy et al.,
1998; Menand et al., 2006; Denoël and Detournay, 2011). Here
the challenge is to identify the contacts between the drillstring
and the borehole.
In summary, a borehole propagation model can be constructed
at the intermediate scale, i.e., at the BHA scale, with boundary con-
ditions capturing the processes at the two other scales. At the low-
er boundary, the bit is collapsed onto a point, with the details of
the bit/rock interaction encapsulated into interface laws consisting
in relationships between the forces and moments at the bit and the
conjugated kinematic quantities (Detournay et al., 2008; Perneder
et al., 2012). At the upper boundary, the action of the drillstring is
replaced by assumed known forces, with the axial force being usu-
ally the only non-zero component.
All the dynamic and kinematic variables that are introduced in
the borehole propagation model are quantities averaged over
many revolutions. Indeed, the time scale associated with direc-
tional drilling is considerably larger than the period of revolution,
itself larger or of the same order as the period of vibrations of the
bit and drillstring. Moreover, with the bit collapsed to a point, the
spatial resolution of the model cannot be less than the bit size, it-
self much larger than the bit penetration per revolution. This aver-
aging thus implies that the borehole propagation can be viewed as
a quasi-static process, with the dynamic effects possibly subsumed
into parameters of the model. For example, the effects of bit whirl
could be accounted for as an overgauging of the borehole.
By restricting the model to the intermediate scale and in view of
the quasi-static nature of the propagation, it is indeed possible to
contemplate the existence of stationary solutions. They correspond
to situations, for which all the forces acting on the BHA remain un-
changed in a reference system attached to the BHA (from which
the angular velocity has been abstracted, however), as the bit prop-
agates the hole. The existence of such solutions evidently requires
that the rock has homogeneous and isotropic properties.
This force invariance has two implications. First, the suitably
averaged motion of the BHA axis appears to be that of a rigid body,
as the averaged deformed conﬁguration of the BHA remains un-
changed. Second, the penetration variables, which are associated
with the advancement of the borehole, are stationary. The only
solutions verifying these stationary conditions are in fact helical
boreholes winding around a vertical axis. These solutions can
degenerate, however, into straight inclined boreholes and circular
horizontal boreholes.
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propagating borehole has not yet been studied, although there ex-
ist solutions for the particular cases of straight boreholes (Lubinski
and Woods, 1953; Bradley, 1975; Perneder and Detournay, 2013a)
and circular boreholes in a vertical plane (Murphey and Cheatham,
1966; Fischer, 1974; Birades and Fenoul, 1986; Jogi et al., 1988;
Pastusek et al., 2005; Downton, 2007; Studer et al., 2007). (These
latter solutions are quasi-stationary, however, in view of the vary-
ing inclination of the borehole with respect to the gravity ﬁeld.)
The motivation to study these solutions is simply to determine
and identify the equilibrium points toward which the dynamical
system is expected to converge, if stable, as the controlling param-
eters (weight on bit and RSS force) are maintained constant.
Thepaper is structuredas follows. First, thedifferent components
of the mathematical model are described, namely, the kinematic
relationships between the bit penetration and borehole geometry,
the bit/rock interface laws, and the elastic rod equations governing
the deformation of the BHA. Next, the linear system of equations
to be solved for the geometric parameters characterizing the equi-
librium state of the system is formulated, after reducing the elastic-
ity equations to the classic linear beam equations. Then, the paper
identiﬁes the key dimensionless quantities controlling the solution
and studies cases associated to particular values of these parame-
ters. The paper concludes with the study of an example.Fig. 3. Geometric description of the borehole and BHA. The relative orientation of
the bit with the borehole is measured by the tilt angles w and a.2. Mathematical model
2.1. Preamble
The formulation of the directional drilling model is articulated
around three elements (Detournay and Perneder, 2011): kinematic
relationships, bit/rock interface laws, and BHA model (Fig. 2).
The kinematic relationships describe the motion of the moving
boundary of the hole bottom deﬁned as the surface of interaction
between the bit and the rock. They link geometric parameters
characterizing the propagation of the borehole to the bit
kinematics.
The bit/rock interface laws relate the penetrations over one rev-
olution of the bit to the generalized forces on the bit. Both set of
variables are evaluated at a representative point of the bit.
The model for the BHA, which is restricted to deform within the
borehole, provides relationships linking the generalized forces at
the bit to the geometry of the borehole and other external loads
acting on the BHA.
2.2. Geometry
The borehole geometry is referred to the ﬁxed basis ðex; ey; ezÞ,
which has its origin at the rig and the ez-axis pointing in the direc-
tion of gravity (Fig. 3).Fig. 2. The three elements of the directional drilling model.The borehole is a growing cylindrical object deﬁned by its central
axis B and its varying cross section, which is indirectlymeasured by
the tilt of the bit with respect to B. It is parametrized by the curvi-
linear coordinate S with 0 6 S 6 L, where S ¼ 0 at the surface and L
is the increasing length of the borehole. Its axis B is described by
R Sð Þ, a vectorial function of the coordinate S. If R is a smooth func-
tion, the tangent unit vector to the borehole is given by
I1 ¼ dRdS : ð1Þ
The borehole axis B is completely deﬁned by the inclination H Sð Þ
and the azimuth U Sð Þ of I1; H Sð Þ 2 0;p½  is measured with respect
to the vertical axis ez while U Sð Þ 2 0;2p½  is the horizontal angle
from ex. The local borehole basis ðI1; I2; I3Þ is deﬁned in such a
way that I2 is in the same vertical plane as I1, and I3 ¼ I1  I2 is
horizontal.
At the length scale of the BHA, the axis D of the BHA is a small
perturbation of the borehole axis B. It is parameterized by the cur-
vilinear coordinate s with origin at the bit, and is described by the
vectorial function rðs; LÞ. Here, the length L of the borehole needs to
be understood as the evolution variable, which enables the track-
ing of the BHA motion. The tangent vector i1 to D points in the
direction of decreasing s; it is thus itself a small perturbation of
the borehole tangent vector I1. The inclination h s; Lð Þ 2 0;p½  and
azimuth / s; Lð Þ 2 0;2p½  of i1 deﬁne the deformed conﬁguration
of the BHA for a given length L of the borehole. As for ðI1; I2; I3Þ,
the local BHA basis ði1; i2; i3Þ is deﬁned in such a way that i2 is in
the same vertical plane as i1 and i3 is horizontal.
The bit has a diameter 2a and a height 2b. Hereafter, a hat is
attributed to variables evaluated at the bit; e.g., H^ ¼ H Lð Þ is the
borehole inclination at the bit, h^ ¼ h 0; Lð Þ is the inclination of the
bit axis, and ð^i1; i^2; i^3Þ is the bit basis. The relative orientation of
the bit with respect to the borehole is measured by two small an-
gles deﬁned asw ¼ h^ H^; a ¼ sin H^ /^ U^
 
: ð2Þ
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I^01, with the unit vector I^
0
1 being deﬁned in the vertical plane ð^i1; i^2Þ
as the vector of inclination H^.
In principle, the overgauge of the borehole with respect to the
bit diameter 2a is affected by the tilt of the bit, as suggested in
Fig. 4. This is particularly true for long-gauged bits. Hence, the tilt
angles w and a can be interpreted not only as a measure of the bit
orientation relative to the borehole, but also as a measure of the
borehole overgauge.
The geometry of a steady-state helical borehole is deﬁned by
the constant inclination Hs and signed curvature Ks of its central
axis B (Fig. 5). At a given point along a helical borehole, I1; I3ð Þ is
the plane in which the helical borehole is bending, the so-called
osculating plane. It contains the osculating circle deﬁned locally
as the best second order approximation of the helix and thus has
the same radius of curvature 1= Ksj j as the borehole. Formally, the
curvature Ks of the borehole is deﬁned as
Ks ¼ sinHs dUdS : ð3Þ
It is positive if the azimuthal direction U of the borehole increases
and negative otherwise.
2.3. Bit/rock interface laws
The interface laws are relationships between generalized forces
averaged over one revolution and penetration variables measuringFig. 4. The borehole diameter 2A measured in the vertical plane ð^i1; i^2Þ is in
principle related to the bit tilt w and bit diameter 2a. A similar remark holds for the
tilt angle a in the plane ðI^1; I^ 01Þ.
Fig. 5. A right-handed helical borehole propagating downward. The axis of the
borehole is fully characterized by its inclination Hs 2 0;p½  and signed curvature Ks .the advancement of the bit/rock interface over a revolution, both
measured at the reference point of the bit (Perneder et al., 2012).
It is generally assumed that the interface laws are rate-indepen-
dent (Detournay et al., 2008; Franca, 2010; Perneder et al., 2012).
The assumption of rate-independency of the bit/rock interaction
provides a simple, although not fundamental, argument to identify
the penetrations per revolution as the appropriate kinematic vari-
ables in the interface laws.
The interaction forces are reduced to a force F^ , a moment M^
orthogonal to the bit axis i^1, and a torque C^ acting along i^1
(Fig. 6). The moment M^ is directly related to the directional re-
sponse of the bit, while the torque C^ is hardly inﬂuenced by this
directional behavior. Hence, in the following, the torque C^ is not ta-
ken into account in the interface laws. The components of F^ and M^
are collectively represented by the vector of generalized forces
F ¼ fF^1; F^2; F^3; M^2; M^3gT , when expressed in the bit basis ð^i1; i^2; i^3Þ.
Similarly, the kinematics of the bit is deﬁned by its velocity vec-
tor v , its spin vector x orthogonal to the bit axis i^1, and its angular
velocity vector X aligned with i^1. The penetration vector d and
angular penetration vector u are deﬁned as
d ¼ 2pv
X
; u ¼ 2px
X
; ð4Þ
where X is the magnitude of the angular velocity vector. In the bit
basis ð^i1; i^2; i^3Þ, they reduce to an axial penetration d1, lateral pene-
trations d2 and d3, and angular penetrations u2 and u3. The general-
ized penetration vector is thus deﬁned as P ¼ fd1;d2; d3;u2;u3gT .
The bit/rock interface laws are the relationship
F ¼ L Pð Þ; ð5Þ
where the tensorial operator L embodies properties of both the bit
and the rock.
When any cutter of a drag bit is interacting with the rock, two
basic processes are taking place: (i) penetration at the cutting face
and (ii) contact at the cutter wearﬂat/rock interface (Detournay
and Defourny, 1992). Experimental results suggest that, in a ﬁrst
regime associated with small depths of cut, the contact forces be-
tween the rock and the bit wearﬂats are not fully developed. In a
second regime corresponding to depths of cut larger than a thresh-
old, these contact forces reach saturation. These observations jus-
tify the use of bilinear interface laws between F and P; similar
laws also seem to hold for roller-cone bits (Franca, 2010).
Hereafter, the bit gauge is assumed to interact with the rock in
the ﬁrst regime, so that the gauge/rock interaction is dominated by
contact forces. The interaction of the bit cutting structure with theFig. 6. Generalized forces fF^; M^; C^g and kinematics v ;x;Xf gof the bit. The torque C^
and angular velocity vector X are aligned with the bit axis i^1, while the moment M^
and spin vector x are orthogonal to i^1. Here, M^ and x are assumed to be coaxial.
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nitude of the axial force F^1 is assumed to be greater than a thresh-
old force G1. This saturation force G1 is the contact component of
the weight on bit that is transmitted to the cutter wearﬂats. It is
related to the state of wear of the bit; G1 ¼ 0 for an ideally ‘‘sharp’’
bit.
The interface laws present some symmetries inherited from the
averaging process over a revolution: in an isotropic rock formation,
they do not have a preferential lateral direction. Finally, the refer-
ence point of the bit is selected in such a way that no moment acts
on the bit if the angular penetrations vanish. With these assump-
tions, the bit/rock interaction laws reduce to
F ¼ G H  P; ð6Þ
where the vector G ¼ fG1; 0; 0; 0; 0gT accounts for the bluntness of
the cutters on the bit face and whereH is a skew-symmetric matrix
given by (Perneder et al., 2012)
H ¼
H1 0 0 0 0
0 H2 H3 0 0
0 H3 H2 0 0
0 0 0 H0 0
0 0 0 0 H0
2
6666664
3
7777775
: ð7Þ
The parameters H1;H2, and H0 are positive, while H3 is positive
or negative. This last parameter, H3, measures the walk tendency of
the bit, a natural phenomenon induced by the rotation of the bit
(Ho, 1995; Menand et al., 2002). In a plane orthogonal to the bit
axis i^1, the lateral penetration ðd2; d3Þ is not necessarily coaxial
with the lateral force ðF^2; F^3Þ. The walk angle-measured between
the lateral force and lateral penetration is given by
- ¼ arctanH3
H2
: ð8Þ
If - ¼ 0, the lateral force and penetration are aligned and the bit is
said to have a neutral walk tendency. Otherwise, it is said to have a
left or right walk tendency depending on the relative orientation of
the lateral penetration with respect to the lateral force. For PDC bits,
walk angles - of about 15 are often observed (Menand et al.,
2002). The minus sign accounts for a left tendency of the bit, mean-
ing that, in a plane perpendicular to the bit axis, the lateral penetra-
tion is ‘‘on the left’’ of the lateral force, when looking in the
direction of i^1.
2.4. Kinematic relationships
The propagation of the borehole is related to the bit kinematics,
which is described by the generalized penetration vector
P ¼ fd1; d2; d3;u2;u3gT . For simplicity, we introduce the d-opera-
tor to express the incremental change of a variable over one revo-
lution of the bit.
The penetration vector d is the incremental propagation of the
borehole over a revolution, that is d ¼ dR^, where R^ ¼ RðLÞ gives
the position of the bit relative to the origin of the ﬁxed coordinate
system. Hence, d is tangent to the borehole axis and d ¼ dI^1. The
penetration d is the magnitude of the penetration vector, but also
the incremental increase of the borehole length over a revolution,
that is d ¼ dL. An alternative deﬁnition of the delta operator is thus
given by
d ¼ d d
dL
: ð9Þ
The tilt angles w and a measure the relative orientation of the
bit with respect to the borehole (Fig. 3). Under normal drilling con-
ditions, they are small so that the coaxiality of d and I^1 yieldsw ¼ d2
d1
; a ¼  d3
d1
: ð10Þ
The angular penetration vectorumeasures the rate of change of
the bit axis i^1 over a revolution: u ¼ i^1  d^i1. The projection of this
last expression into the bit basis yields
u2
d1
¼  sin h^d/^
dL
;
u3
d1
¼ dh^
dL
: ð11Þ
Strictly speaking, d instead of d1 should have been used in the above
expressions for u2 and u3. However, since both a 1 and w 1 in
d ¼ d1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a2 þ w2
q
; ð12Þ
no distinction is made between d and d1.
At steady state, the penetration variables are stationary and the
bit assumes a constant orientation with respect to the borehole
axis I^1, that is the tilt angles w and a are constant. Hence, in view
of (2) and (3), these last expressions yield
u2
d1
¼ Ks; u3d1 ¼ 0: ð13Þ2.5. BHA
Preamble. The BHA consists of a connected set of heavy pipes
(called drill collars), stabilizers, and the RSS. At the intermediate
scale of order O(110 m) used to construct the model of direc-
tional drilling, the BHA is a slender elastic object subject to exter-
nal forces and couples and constrained by the stabilizers to
conform with the borehole geometry at these contacts. Thus, at
that scale, the BHA can in principle be modeled as a rod having uni-
form properties. Here it will be assumed that (i) the BHA is inex-
tensible, (ii) the Euler–Bernoulli hypotheses apply, and (iii) there
is no contact between the BHA and the borehole wall, other than
those taking place at the bit, at the RSS, and at the stabilizers.
The model of BHA extends from the bit to the last stabilizer. The
RSS, located at a distance Kk1 from the bit, applies a transverse
force F on the BHA. The n stabilizers, which are numbered from
1 to n starting with the closest stabilizer to the bit, are treated as
discrete geometrical constraints. They deﬁne n BHA segments of
lengths k1; k2; . . . ; kn (Fig. 7). On account of the assumed inextensi-
bility of the BHA, the curvilinear coordinate si of the i
th stabilizer
does not vary with L and is thus given by
si ¼
Xi
j¼1
kj; i ¼ 1;n: ð14Þ
On the other hand, the position Si of the ith stabilizer in the bore-
hole can be deduced from the isoperimetric constraintsZ Si1
Si
I1dS ¼
Z si
si1
i1ds; i ¼ 1;n; ð15Þ
where the index i ¼ 0 has been assigned to the bit; i.e., S0 ¼ L and
s0 ¼ 0.
The stabilizers are here supposed to perfectly ﬁt the borehole
and to not transmit any moment between the borehole wall and
the BHA. They are thus modeled as point supports, which force
the BHA axis D and the borehole axis B to intersect at these points.
Also, since the velocity discontinuity at the borehole/stabilizer con-
tact is essentially orthogonal to I1, the frictional forces are fully
subsumed in a frictional torque at the stabilizer, and the reaction
force at the contact can be assumed to be orthogonal to the bore-
hole. In other words, the stabilizers can be assumed to slide fric-
tionlessly along the axis of the borehole, a consequence of the
rotation of the drillstring.
Fig. 7. Beam model of the BHA. The RSS force is alternatively measured by its
components F2 and F3 along I2 and I3, or by its magnitude F and orientation s. The
chord Ci; i ¼ 1;n, links two successive contact points and has inclination hh ii and
azimuth /h ii .
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the mechanical model for the BHA. They are discussed in the fol-
lowing two sections; the BHA is ﬁrst approximated as a Kirchhoff
rod, which is then further simpliﬁed into an elastic beam.
In this section, the dependence on L is ignored as the problem of
the BHA aims at determining its deformed conﬁguration for a given
length L of the borehole.
Curvature and torsion of the BHA. As a prelude to writing the
equations governing the deformation of the BHA, the Frenet–Serret
basis ði1;i2;i3Þ is introduced as the natural basis for the BHA axis D.
The tangent (i1), normal (i2), and binormal (i3) vectors of this basis
are respectively deﬁned as
i1 ¼ i1; i2 ¼ 
i01
i01
  ; i3 ¼ i1 i2; ð16Þ
where a prime denotes a derivative with respect to s. (The uncon-
ventional minus in the deﬁnition of i2 is a consequence of choosing
the direction of i1 to be the same as I1; i.e., in the direction of
increasing S but decreasing s.)
The deformation associated with the curving and twisting of D
is captured by the Darboux vector u, deﬁned as
i0j ¼ uij; j ¼ 1;3; ð17Þ
where u ¼ ft;0; kgT , noting that a bar over a vector signiﬁes that its
components are deﬁned in the Frenet–Serret basis ði1;i2;i3Þ. The
torsion t measures the rate of change of the binormal vector i3,
the normal to the osculating plane ði1;i2Þ, while the curvature k is
the rate of change of the tangent vector i1 with s. Both k and t can
be expressed in terms of the inclination h and the azimuth / of i1.
In particular, the curvature k ¼ jji01jj is given by
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h02 þ /02 sin2 h
q
; ð18Þ
since i1 ¼ fsin h cos/; sin h sin/; cos hgT in the reference cartesian
coordinate system.
The introduction of the Darboux vector u makes it possible to
express a0, the derivative of a vector a with respect to s, as
a0 ¼ @a
@s
 u a; ð19Þwhere @a=@s is the derivative of the components of a in the Frenet–
Serret basis, i.e., @a=@s ¼ f@a1=@s; @a2=@s; @a3=@sgT , and where u a
accounts for the rate of change of the basis.
Similar relationships can actually be derived for the BHA basis
ði1; i2; i3Þ. The rate of change of this basis is given by
i0j ¼ v  ij; j ¼ 1;3; ð20Þ
with v ¼ f/0 cos h;/0 sin h; h0gT in the ði1; i2; i3Þ basis. Note that
vk k ¼ k while uk k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2 þ t2
p
. Similarly to (19), the derivative of a
vector a with respect to s is given by
a0 ¼ @a
@s
 v  a: ð21Þ
where @a=@s now denotes the derivative of the components of a in
the basis ði1; i2; i3Þ.
At equilibrium, the Darboux vector u at any position s does not
evolve, i.e., k and t depend on s but not on L. Hence, the BHA expe-
riences only translation and rotation.
Kirchhoff rod model. A starting point is to treat the BHA as a Kir-
chhoff rod, deduced from the Cosserat rod by neglecting axial and
shear deformation and by adopting the classical Euler–Bernoulli
hypotheses for the bending deformation (Antman, 2005). The inex-
tensibility assumption implies that the curvilinear coordinate s re-
mains the arc length parameter after deformation; hence, i1 ¼ r0.
Consider now the local equilibrium in translation and rotation
at any point other than the stabilizers and the RSS. These equations
can be written as follows (Antman, 2005):
F 0 w ¼ 0; M0 þ C 0 þ r0  F ¼ 0; ð22Þ
where F is the contact force transmitted at the cross section with
outer normal i1 located at s; M is the bending moment, C ¼ Ci1 is
the torque, and w ¼ wez with w denoting the uniform buoyant
weight of the BHA per unit length. In writing the equilibrium Eqs.
(22), we have neglected the equivalent body force and body couple
arising from the relative velocity between the mud and the BHA.
The Euler–Bernoulli hypotheses entail that the bending mo-
ment is proportional to the curvature and that the moment vector
is orthogonal to the local osculating plane of the BHA axis, i.e.,
M ¼ EIki3: ð23Þ
BHA elastic beam approximation. A Kirchhoff rod can, however,
be simpliﬁed to a linear Euler–Bernoulli beam under the condition
of small rotation. This condition is met if the norm of the vector u
that characterizes the deformation of the BHA is small everywhere.
This is indeed generally the case, as the following argument shows.
At the scale of the BHA, the borehole axis B is the leading order
approximation of the BHA axis D on account that the angle be-
tween i1 (the tangent to D) and I1 (the tangent to B) is everywhere
always very small, a consequence of the small clearance between
the BHA and the borehole wall. Thus, the curvature k and the tor-
sion t of the BHA are of the same order of magnitude as the typical
curvature and torsion of helical boreholes, which are generally very
small. According to data summarized in Applications, k < 103m1.
It is therefore generally permissible to model the BHA according to
linear beam theory, which implies some simpliﬁcations in the
equilibrium equations and in the expression of the shear force.
An expression for the shear force Fs ¼ i1  ði1  FÞ can be de-
rived from the rotational equilibrium in (22) and the differentia-
tion rules (19) for C0 and (21) for M0 to yield
Fs ¼ M02i3 þM03i2 þ i1  uMð Þ þ kCi3: ð24Þ
However, the terms uM and kC in the above expression can be
neglected, which implies adopting the small rotation approxima-
tion. Indeed, according to Table 1, both jkCj and jjuMjj are about
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force jjFsjj. Thus, (24) can be simpliﬁed as
Fs ¼ M0i2: ð25Þ
The above equation is the only relevant one that survives from the
rotational equilibrium considerations. It also follows from the small
rotation approximation that C0 ¼ 0 (except at the stabilizers and at
the RSS). In other words, the calculation of the torque becomes
uncoupled from that of the contact force F and of the bending mo-
ment M.
The translational equilibrium equations in (22) can also be ex-
pressed in terms of the force components in the BHA basis. Rewrit-
ing (22a) in that basis using (21) yields
@F
@s
 u F w ¼ 0: ð26Þ
Similarly, it can be argued that the norm jju Fjj is generally one
order of magnitude smaller than wk k. In fact, the term jju Fjj is
dominated by kF1, which is of order O(101 kN/m) under normal
drilling conditions. The magnitude of wk k can be found in Table 1
and is of order O(1 kN/m). Thus the equilibrium Eq. (26) is simpli-
ﬁed into
@F
@s
w ¼ 0: ð27Þ
These simpliﬁcations have actually reduced the model of the
BHA to an elastic beam. They can be tested a posteriori by checking
if indeed kCj j  M0; jjuMjj  M0, and jju Fjj  jjwjj.
Final equations. The governing equations of the beam in terms of
the inclination hðsÞ and azimuth /ðsÞ can now be obtained by pro-
jecting the equilibrium Eqs. (25) and (27), as well as the fundamen-
tal beam Eq. (23) onto the system of axes ði1; i2; i3Þ.
It then follows from (23) and (18) that the expressions for the
components M2 and M3 are
M2 ¼ EI sin h/0; M3 ¼ EIh0: ð28Þ
Using the approximate expression (25), we also obtain
F2 ¼ EIh00; F3 ¼ EI h0/0 cos hþ /00 sin hð Þ: ð29Þ
These equations can be combined with (27) to yield
F 01 ¼ w cos h ð30Þ
and
EIh000 ¼ w sin h; EI sin h/0ð Þ00 ¼ 0: ð31Þ
Eq. (30) can be integrated to express the axial force at the bit in
terms of the ‘‘imposed’’ axial force at the last stabilizer. The two
Eqs. (31) can be solved together with the boundary conditions at
the bit and at the last stabilizer (generally assumed to be zero
moment and zero shear force just above the last stabilizer), the
RSS force, and the geometric constraints at the stabilizers.
The ﬁnal step is to blur the distinction between the components
of the forces and moments in the two bases ði1; i2; i3Þ and ðI1; I2; I3Þ,
on account that the angle between i1 (the tangent to the BHA axis
D) and I1 (the tangent to the borehole axis B) is everywhere always
very small.
This simpliﬁcation has several implications. First s ’ L S,
meaning that the same curvilinear coordinate can be used as a
measure of the arc length, for both B and D. This implies that the
positions of the stabilizers on B are known; thus,
Si ¼ L si; i ¼ 1;n. Second, it can be assumed that the RSS force F
is orthogonal to I1. Finally, the expressions for the bit generalized
forces in the basis i1; i2; i3ð Þ that embody the bit/rock interface laws
can be interpreted as being valid in the borehole basis I1; I2; I3ð Þ. In
other words the difference between the components of the bit
forces expressed in these two different bases is disregarded.2.6. Scaling
The directional drilling model is naturally scaled using the dis-
tance k1 from the bit to the ﬁrst stabilizer and the bending stiffness
EI of the BHA. These two quantities combine to deﬁne the charac-
teristic force F	 ¼ 3EI=k21, which has a simple physical interpreta-
tion; F	 is the reaction force induced at the end of a simply
supported beam of length k1 and stiffness EI, in response to a unit
inclination angle imposed at that end.
With the introduction of the characteristic length k1, the geom-
etry of the BHA reduces to n numbers: the scaled distances be-
tween the stabilizers ,i ¼ ki=k1, i ¼ 2;n and the distance K
between the bit and the RSS. While K is typically in the range
½0:15;0:35, all the numbers ,i are of order Oð1Þ.
The ﬁrst equation F^1 ¼ G1  H1d1 in the bit/rock interface laws
(6) can be written as
P ¼ H1
F	
d1; ð32Þ
where the number P ¼ ðF^1 þ G1Þ=F	, the scaled active weight on
bit, takes values of order O (0.1~1). After consideration of the kine-
matic relationships (10) and of (32), the bit/rock interface laws for
the lateral forces on the bit can now be expressed as
F^2=F	
F^3=F	
( )
¼ gP cos- sin- sin- cos-
 
w
a
 	
: ð33Þ
The lateral steering resistance g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H22 þ H23
q
=H1 is a positive num-
ber that measures the relative difﬁculty of imposing a lateral pene-
tration to the bit compared to an axial penetration. It usually ranges
between 10 and 100 (Menand et al., 2002; Perneder et al., 2012),
and mainly depends on the aggressiveness and height of the bit
gauge. The force gPF	 is a measure of the resistance, offered by
the rock, to a tilt of the bit with respect to the borehole axis. Conse-
quently, the dimensionless group gP can be viewed as a relative
measure of this resistance against the stiffness of the BHA.
Similarly, the expressions of the moments in (6) along with the
steady-state kinematic relationships (13) yield
M^2=k1F	
M^3=k1F	
( )
¼ vP js
0
 	
; ð34Þ
where js ¼ k1Ks is the dimensionless curvature of the helical bore-
hole. The angular steering resistance v ¼ H0=k21H1 measures the dif-
ﬁculty of imposing an angular penetration to the bit relative to an
axial penetration. It is typically one to two orders of magnitude
smaller than g. It can be shown, using expressions for the coefﬁ-
cients of the bit/rock interface laws (Perneder et al., 2012), that
the ratio v=g is proportional to ðb=k1Þ2. In other words, v=g con-
trasts the dimension of the bit with the length of the ﬁrst BHA seg-
ment. The dimensionless group vP measures the resistance to an
angular penetration of the bit relative to the stiffness of the BHA.
A small vP implies that the moment induced at the bit can be
neglected.
Two dimensionless quantities are introduced after scaling the
RSS force F and weight w:
C ¼
F
F	
; ! ¼ wk1
F	
: ð35Þ
The maximum magnitude of the RSS force C is generally of
order Oð102Þ, while ! is typically a small number of order
Oð103  102Þ.
In summary, the scaled directional drilling problem can be de-
scribed by n geometric numbers, ,i; i ¼ 2;n and K, two bit/rock
interface numbers, gP and vP, that contrast the resistance to pen-
etration of the bit with the stiffness of the BHA, the bit walk angle
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segment of the BHA to the characteristic force, and ﬁnally the
RSS force C, which is a control parameter.
3. Equilibrium solutions
The stationary solutions of a propagating borehole are com-
pletely deﬁned by four geometric parameters. At the scale of the
BHA, the borehole is a helix characterized by its inclination Hs
and dimensionless curvature js (Fig. 5). At the scale of the bit,
the tilt angles ws and as provide an indirect measure of the bore-
hole diameter. These two descriptions of the borehole geometry
are intertwined through the kinematical link between the bit pen-
etration and the bit trajectory.
As shown next, the mathematical model of a borehole con-
strained to propagate in a stationary manner yields a set of four
algebraic equations in terms of sinHs;js;ws, and as. A couple of
very mild assumptions will be added to arrive at the ﬁnal system
of equations. In the following, we have again dropped the depen-
dence of the BHA quantities on the borehole length L since we
are seeking the equilibrium solutions.3.1. Solution of the BHA problem
Isoperimetric constraints. We show next that within the frame-
work of the linear beam approximation of the BHA, the isoperi-
metric constraints (15) introduced by the n stabilizers can be
enforced, by initially imposing n 1 known kinks at each stabi-
lizer, between successive segments of BHA. These kinks are equiv-
alent to applying singular moment dipoles at each stabilizer. This
approach has a simple physical interpretation. The BHA, in its ini-
tial undeformed conﬁguration, is aligned with the chord C1 that
connects RðLÞ (the current position of the bit) to RðS1Þ (the cur-
rent position of the ﬁrst stabilizer on the borehole axis B). Kinks
are ﬁrst imposed at the n 1 ‘‘internal’’ stabilizers to bring them
on the borehole axis. At this stage, the BHA segments are aligned
with the chords C1; . . . ; Cn (Ci denoting the chord connecting the
points Si1 and Si on B), and the BHA is unstressed except at
the kinks where it is singularly loaded. Finally, the singular mo-
ment dipoles are relaxed, causing the development of transverse
reaction forces at all the stabilizers and at the bit, as well as a
moment at the bit.
As a consequence of ignoring the difference between the two
bases ði1; i2; i3Þ and ðI1; I2; I3Þ, the isoperimetric constraints (15)
can now be approximated by writing that the average inclination
hhii and average azimuth h/ii of the ith segment of the BHA are
respectively equal to the average inclination and azimuth of the
borehole section between these two stabilizers
hhii ¼
1
ki
Z si
si1
hðs; LÞds ’ 1
ki
Z Si1
Si
HðSÞdS;
/h ii ¼
1
ki
Z si
si1
/ðs; LÞds ’ 1
ki
Z Si1
Si
UðSÞdS: ð36Þ
Enforcing that the borehole is a vertical helical path characterized
by a constant inclination Hs and dimensionless curvature js, we
have that
H Sð Þ ¼ Hs; Ui1 ¼ Ui þ ,ijssinHs : ð37Þ
Since the inclination of the BHA is constant, hhii ¼ Hs, i ¼ 1;n. Thus,
we see that the enforcement of the isoperimetric constraints is
equivalent to imposing a set of kinks D/i ¼ h/ii  h/iiþ1 at the sta-
bilizers i ¼ 1; n 1 between each consecutive BHA segments, with
D/i given byD/i ¼
1
2
,i þ ,iþ1ð Þ jssinHs ; i ¼ 1;n 1; ð38Þ
with ,1 ¼ 1.
General solution of the BHA. The ﬁnal step in the linearization of
the problem is to assume that the term sin h in (31) is constant and
equal to sinHs. Hence, (31) can be integrated to yield
EIh ¼ A0 þ A1sþ A2s2 þ 16w sinHss
3;
EI sinHs/ ¼ B0 þ B1sþ B2s2: ð39Þ
Evidently, the above expressions are valid along parts of the
BHA comprised between points of singular loading. Indeed,
the coefﬁcients A2 and B2 are discontinuous at s ¼ Kk1 where the
RSS force F is applied, and at the internal stabilizers
s ¼ si; i ¼ 1;n 1 due to the reaction forces.
Six constants have to be determined, but only four boundary
conditions are actually needed as the deformed conﬁguration of
the BHA is deﬁned up to a rigid body rotation, which does not
change the distribution of internal forces. Two boundary condi-
tions are provided by imposing zero moments at the last stabilizer
(s ¼ sn). The two remaining conditions enforce the orientation of
the bit with respect to the chord C1, i.e., the azimuthal deviation
as þ 12js

 
sin1Hs and the vertical tilt ws.
Forces and moments at the bit. Once the deformed conﬁguration
of the BHA is determined, i.e., hðsÞ and /ðsÞ are known, the forces
and moments on the bit are given by
F^2 ¼ EIh00ð0Þ; F^3 ¼ EI sinHs/00ð0Þ; ð40Þ
M^2 ¼ EI sinHs/0ð0Þ; M^3 ¼ EIh0ð0Þ: ð41Þ
The above expression for F^3 has been simpliﬁed on account that
h0ð0Þ ¼ 0 since the moment M^3 vanishes at steady-state, a conse-
quence of (6) and (13). After some algebra, the transverse forces
and moments at the bit can be expressed as
F^2
F	
¼ F bws þ Fw! sinHs þ F rC2;
F^3
F	
¼ F b as þ 12js
 
þ F rC3 þ sinHs
Xn1
i¼1
F iD/i;
M^2
k1F	
¼ Mb as þ 12js
 
MrC3  sinHs
Xn1
i¼1
MiD/i;
M^3
k1F	
¼ Mbws þMw! sinHs þMrC2: ð42Þ
The inﬂuence coefﬁcients F andM only depend on the geometry of
the BHA, characterized by K and the length ratios ,i; i ¼ 2; n; see
Appendix A for the expressions of F and M. The terms with sub-
script b account for the relative orientation of the bit with respect
to the chord C1. The terms with subscript w account for the gravity
loading, while the terms with subscript r express the dependence of
the forces and moments at the bit on the RSS force C. Finally, the
terms with subscript i account for the constraints imposed by the
geometry of the borehole on the deformation of the BHA.
3.2. Expressions for sinHs;js;ws, and as
A linear system of equations in terms of sinHs, the curvature js,
and the two bit tilt angles ws;as is ﬁnally obtained by combining
the expressions (42) for the forces and the moments at the bit with
the bit/rock interface laws (33) and (34). When solving the system
of equations for the equilibrium parameters, two additional BHA
coefﬁcients, Fj and Mj, are introduced (see Appendix A). These
coefﬁcients, which depend on the geometry of the BHA only, mea-
Fig. 8. Deformed conﬁgurations of a BHA with 3 stabilizers located at k1, 2k1, and
4k1, and for several magnitudes C of the RSS force. The RSS position is K ¼ 0:3 and
gP ¼ gPj ’ 4:4, which corresponds to the C-independent case.
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and moment transmitted to the bit.
No bit walk (- ¼ 0). If the bit does not walk, that is if the lateral
bit force and lateral penetration vector are coaxial, the equilibrium
solution is given by
! sinHs ¼  F rMb  F bMr þMrgPFwMb  F bMw þMwgPC2;
ws ¼
F rMw  FwMr
FwMb  F bMw þMwgPC2;
js ¼  F rMb  F bMr þMrgPFjMb  F b  gPð Þ Mj þ vPð ÞC3;
as ¼ F rMj  FjMr þ F rvPFjMb  F b  gPð Þ Mj þ vPð ÞC3: ð43Þ
In this case (- ¼ 0), the behavior of the directional drilling system
in the vertical plane I1; I2ð Þ and in the osculating plane I1; I3ð Þ are
uncoupled. Thus, the inclination Hs (more exactly ! sinHs) and
the tilt ws only depend on the component C2 of the RSS force, while
the curvature js and the angle as are functions of the component C3
of the RSS force only.
Depending on the magnitude of the expression for sinHs, either
two distinct equilibrium solutions (downward Hs 2 0;p=2½  and
upward Hs 2 p=2;p½ ) or none exist. In other words, there is no
equilibrium solution if the magnitude of C2 is larger than a critical
value, i.e., if
jC2j > !FwMb  F bMw þMwgPF rMb  F bMr þMrgP : ð44Þ
With bit walk (-– 0). If the bit exhibits a walking tendency, the
general expressions of the equilibrium parameters are given by
! sinHs ¼ QH1C2 þQH2 1 cos-ð ÞC2 þQH3 sin-C3;
ws ¼ Qw1C2 þQw2 1 cos-ð ÞC2 þQw3 sin-C3;
js ¼ Qj1C3 þQj2 1 cos-ð ÞC3 þQj3 sin-C2;
as ¼ Qa1C3 þQa2 1 cos-ð ÞC3 þQa3 sin-C2: ð45Þ
The dimensionless coefﬁcients Q are given in Appendix B. They
depend on the geometry of the BHA, on the walk angle -, and on
the dimensionless groups gP and vP.
The bit walk is responsible for a coupling of the response of the
system in the planes I1; I2ð Þ and I1; I3ð Þ. Hence, the solution param-
eters now depend on the components of the loads applied on the
BHA in both planes.
Degenerate steady-state solutions are discussed in Appendix C.
4. Analysis of equilibrium solutions
The stationary solutions exhibit particular behaviors for speciﬁc
set of drilling parameters, in particular for distinct values of gP
that are functions of the BHA geometry. The study of these partic-
ular cases is enlightening ﬁrst because they have interesting phys-
ical interpretation (Perneder and Detournay, 2013a), but also
because these particular behaviors seem to have an important im-
pact on the transient borehole propagation (Perneder and Detour-
nay, 2013b).
4.1. No bit walk (- ¼ 0)
Three particular cases can be identiﬁed from the expressions of
sinHs and ws in (43).
C-independent case. If the parameter gP is equal to
gPj ¼ F bMr  F rMbMr ; ð46Þthe helical solution degenerates into a vertical borehole propagating
downward or upward (sinHs ¼ 0 and js ¼ 0). When gP ¼ gPj , the
RSS force C no longer inﬂuences the stationary solution of the sys-
tem. Thus, the borehole is vertical as only the weight of the BHA af-
fects the directional response of the bit. Physically, the RSS force
induces a lateral force on the bit and tilts the bit. When
gP ¼ gPj , this bit tilt translates via the bit/rock interaction laws
(33) into another lateral force on the bit that exactly balances this
initial lateral force transmitted by the RSS. We denote this case as
C-independent. Fig. 8 illustrates the steady-state deﬂection of the
BHA for gP ¼ gPj and for different values of the RSS force.
!-independent case. If the drilling parameter gP is equal togPj ¼ F bMw  FwMbMw ; ð47Þa steady-state solution does not exist unless C2 ¼ 0, in which case
the equilibrium inclination Hs is undetermined as it can take any
values between 0 and p. Physically, when gP ¼ gPj , the distrib-
uted weight ! no longer affects the borehole propagation and the
system holds the inclination of the borehole without a force C2.
We denote this case as !-independent. Fig. 9 illustrates the deﬂec-
tion of the BHA in the plane I1; I2ð Þ for gP ¼ gPj after unfolding
the helical borehole onto a ﬂat surface (the cylinder containing
the helix is brought to a plane). The deﬂection of the BHA is propor-
tional to sinHs. Although the inclination Hs of the helix is undeter-
mined (if C2 ¼ 0), its curvature is proportional to C3.
gP-independent case. A third case corresponds to a particular
geometry of the BHA deﬁned formally by F rMw FwMr ¼ 0. This
particular geometry is associated with a speciﬁc position of the RSS
K ¼ K	, which is a function of the position of the stabilizers only. In
this case, ws ¼ 0 so that the lateral force F^2 vanishes, as can be seen
from (33). Hence, the equilibrium inclination is independent of the
bit/rock interaction parameter gP and is given by! sinHs ¼  F rFw C2: ð48ÞWe denote this case as gP-independent. Fig. 10 illustrates the
deﬂection of the BHA in the plane I1; I2ð Þ for an unfolded helical
borehole and for K ¼ K	.
Note that the numerator F rMj FjMr þF rvP in the expres-
sion for as in (43) is always negative and the denominator
FjMb  F b  gPð Þ Mj þ vPð Þ in the expressions for as and js is
always positive. Thus there is no additional particular case that
arises in relation to the equilibrium parameters js and as.
Fig. 9. Deﬂection of a BHA with 3 stabilizers located at k1, 2k1, and 4k1, and
for gP ¼ gPj ’ 4:3, so that the steady-state solution is !-independent. This
plane view is obtained by unfolding the vertical cylinder containing the helical
borehole.
Table 1
Approximate system parameters for different BHA sizes (the number on the ﬁrst row
is the RSS outer diameter in inches). The quantity Kmax is the maximum curvature of
the borehole that can be drilled with a directional drilling system equipped with a RSS
of a certain size.
RSS 434
00 634
00 814
00 912
00
amin (dm) 0:75 1:08 1:56 1:56
amax (dm) 0:86 1:25 1:87 2:32
w (kN/m) 0:88 1:29 2:21 3:8
EI (MNm2) 2 8:4 18:7 33
k1 (m) 3:5 3:8 3:8 3:8
k2 (m) 7 8 8 9:2
jF^1jmax (kN) 100 250 400 450
Fmax (kN) 10 18:6 32 40
Cmax (kNm) 7 20 45 68
Kmax (km-1) 8 3:7 3:7 3:7
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The particular cases that were identiﬁed in the absence of bit
walk (- ¼ 0) are now revisited.
First, the C-independent case does not exist anymore; it is a
special feature of the system for a bit with a neutral walk tendency.
Nevertheless, when gP is equal to gPj given in (46), the RSS force
has a reduced inﬂuence on the borehole propagation as
QH1 ¼ Qj1 ¼ 0.
Second, the !-independent case still corresponds to gP ¼ gPj ,
but now gPj depends not only on the geometry of the BHA but
also on the walk angle -. This particular value gP ¼ gPj causes
the system of four equations derived from (33), (34) and (42) to
become singular, when the RSS force C vanishes. The equilibrium
solutions correspond then to any helical borehole with
js ¼ F bMw  FwMb MwgPj! cos-Mj þ vPð ÞgPj! sin-
! sinHs: ð49Þ
For the speciﬁc position K ¼ K	 of the RSS the equilibrium borehole
inclinationHs is again given by Eq. (48); Hs does not depend on the
parameter gP nor on the bit walk angle -. Also, the steady-state
parameters ws, js, and as depend only on the horizontal RSS force
C3, not on C2.5. Applications
5.1. Some numbers
As a prelude to the presentation of some examples, Table 1 pro-
vides a compilation of relevant information concerning bit sizes,Fig. 10. Deformed conﬁgurations of a BHA with 3 stabilizers located at k1, 2k1 and
4k1 and for K ¼ K	 ’ 0:31, so that ws ¼ 0. This plane view is again obtained by
unfolding the vertical cylinder containing the helical borehole.characteristics of the BHA and push-the-bit RSS used for direc-
tional drilling operations. These data are organized according to
the RSS outer diameter, which ranges from 4 34 to 9
1
2 in. For a BHA
equipped with a push-the-bit RSS, the distance k1 between the
bit and the ﬁrst stabilizer usually varies between 3 and 5 m. The
RSS is located close to the bit so that the RSS lateral force is gener-
ated within 0:5 to 1 m from the bit.
The corresponding dimensionless parameters are listed in Ta-
ble 2. The maximum active component of the weight on bit,
Pmax, has been assessed on the assumption that the bit is ‘‘sharp,’’
i.e., G1 ¼ 0. The threshold axial force G1 depends on the bluntness
of the bit, the bit size, and the rock strength; everything else being
the same, G1 scales with the bit size. For example, experimental
investigations in sandstone (Detournay et al., 2008) suggest values
for G1 of order O 10 kNð Þ for moderately blunt 6 12 PDC bits
(a ¼ 8:3 cm).5.2. Examples
The following examples consider a 434
00 push-the-bit RSS. The
BHA is equipped with three stabilizers, with the corresponding
segment lengths given by k1=3.5 m, k2=7 m, k3=15 m. The actuat-
ing pads of the RSS are 1 m away from the bit. According to Table 1,
w=0.88 kN/m, EI=2103 kNm2, and Fmax ¼ 10 kN. The bit bluntness
and rock properties are such that G1=10 kN. The lateral and angular
steering resistances are respectively selected to be g ¼ 25 and
v ¼ 1; they correspond to a bit with a rather long passive gauge.
In view of the above description, ! ’ 6:3 103;Cmax ’ 2 102,
and K ’ 0:29.
For this BHA, the C-independent case corresponds to gPj ¼ 4:4
(weight on bit given by jF^1j ¼ 96kN) and the!-independent case to
gPj ¼ 3:1 (jF^1j ¼ 70kN).
The equilibrium solutions are here given for three different val-
ues of the weight on bit:
1. jF^1j ¼ 30kN; hence gP ¼ 1:02 and gP < gPj!;
2. jF^1j ¼ 85kN; hence gP ¼ 3:83 and gPj! < gP < gPjC;
3. jF^1j ¼ 120kN; hence gP ¼ 5:61 and gPjC < gP.Table 2
Dimensionless system parameters for a ‘‘sharp’’ bit (G1 ¼ 0).
RSS 434
00 634
00 814
00 912
00
! 103 6:27 2:77 2:13 2:09
Cmax  102 2:03 1:06 0:82 0:58
Pmax  10 1:82 1:42 1:00 0:64
,2 2 2:11 2:11 2:42
K 0:29 0:26 0:26 0:26
(a)
(b)
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investigated by considering both a neutral walk tendency (- ¼ 0)
and left tendency (- ¼ 15) cases.
The steady-state solutions are represented in the ðC2;C3Þ-space
(Figs. 11–13). They only exist in the grayed areas delimited by the
circle deﬁned by Cj j ¼ Cmax and the lines corresponding to
sinHs ¼ 0 and sinHs ¼ 1. Two steady-state borehole solutions
are associated with each point of this solution space: one propagat-
ing downward (Hs < p=2) and the other one propagating upward
(Hs > p=2).
Two sets of straight lines are represented; they respectively
correspond to steady-state solutions of same inclination Hs and
curvature js (the equilibrium inclination is given here for the
downward solutions only). When the bit has a neutral walk ten-
dency (- ¼ 0), the lines of equal inclination are horizontal, while
the lines of equal curvature are vertical (Figs. 11(a), 12(a), and
13(a)). This is no longer the case when the bit has a left or right
walk tendency (-– 0) as the inclination and curvature now de-
pend on both components C2;C3 of the RSS force (Figs. 11(b),
12(b), and 13(b)).
For gP ¼ 1:02 < gPj and - ¼ 0, steady-state solutions only
exist if C2 > 0, that is, if the component C2 of the RSS force is
directed upward (Fig. 11(a)). Also, in this case, the curvature of
the borehole has the same sign as C3, meaning that, in the oscu-
lating plane, the borehole bends in the direction of the lateral
force transmitted by the BHA to the bit.(a)
(b)
Fig. 11. The region of steady-state solutions is represented in the ðC2;C3Þ-space for
gP ¼ 1:02 < gPj and for the walk angles- ¼ 0 and- ¼ 15 . These plots can be
interpreted as representing the RSS force when looking in the propagation direction
of the borehole.
Fig. 12. Steady-state solutions in the ðC2;C3Þ-space for gPj < gP ¼ 3:83 < gPj .For gPj < gP ¼ 3:83 < gPj and - ¼ 0, the inﬂuence of the
weight ! on the directional drilling tendency is inverted with re-
spect to the previous case with gP < gPj . In order to counter this
change of tendency, the sign of C2 required to have steady-state
changes too and is now negative (Fig. 12(a)).
Finally, for gP ¼ 5:61 > gPj and - ¼ 0, the effect of the RSS
force C on the system is changed and is opposite to the previous
examples with gP < gPj . Now the system tends to propagate in
a direction opposite to the lateral force transmitted to the bit.
Hence, steady-state solutions exist only for C2 > 0 and the sign
of the curvature of the borehole is now opposite to the sign of C3
(Fig. 13(a)).
The inﬂuence of the bit walk on the steady-state geometry of
the borehole is signiﬁcant (Figs. 11(b), 12(b), and 13(b)). First,
the region of solutions in the ðC2;C3Þ-space is affected. Second,
the range of equilibrium curvatures that can be achieved changes;
this is particularly evident in Fig. 12(b).
Finally, Fig. 14 illustrates the dependence of the geometry of a
3-stabilizer BHA deﬁned by ,2 and ,3 on the particular value
gPj . For some BHA geometries, gPj is not deﬁned (white region)
and the !-independent case cannot always be realized.6. Conclusions
The study reported in this paper constitutes a ﬁrst step toward a
comprehensive analysis of the evolution of the borehole geometry
during drilling. It focuses on deriving a general class of stationary
(a)
(b)
Fig. 13. Steady-state solutions in the ðC2;C3Þ-space for gP ¼ 5:61 > gPj .
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either into straight inclined or horizontal circular boreholes.
The particular equations governing these solutions were formu-
lated by recognizing that both the deformed conﬁguration of the
BHA and the penetration variables are invariant at steady-state.
Thus, the movement of the BHA, from which rotation around its
axis has been abstracted, corresponds to a rigid body motion. We
have shown that the stationary model leads to the formulation of
an algebraic system of equations in terms of four quantities: the
inclination Hs and curvature js of the helix, the parameters that
characterize the geometry of the borehole at the scale of the
BHA; and the bit tilt angles ws and as, the parameters that charac-
terize the geometry of the borehole at the scale of the bit (as theseFig. 14. Particular value gPj as a function of the geometry of a 3-stabilizer BHA.latter quantities are proxies for the borehole diameter). The linear
nature of the model stems from adopting a beam model for the
BHA and from assuming linearity of the bit/rock interface laws.
The steady-state solutions depend on the design and wear state
of the bit, on the BHA (positions of the stabilizers and RSS, and its
mechanical properties), on the rock, on the weight on bit, and on
the RSS force. Scaling the problem shows, however, that the solu-
tions depend only on a few dimensionless quantities: ,i and K,
the numbers that express the relative positions of the stabilizers
and of the RSS on the BHA;!, the scaled weight of the ﬁrst segment
of the BHA; gP and vP, where g and v embody the lateral and
angular steering resistance of the bit andP is a measure of the cut-
ting component of the weight on bit; the bit walk angle -; and ﬁ-
nally the RSS force C. For a given BHA design (i.e., ,i, i ¼ 2;n;K, and
! are given), the response of the system is essentially controlled by
gP;-, and C, noting that vP 1 except for systems with a long
gauge bit and a short ﬁrst BHA segment.
Most importantly, gP appears to dictate the qualitative direc-
tional behavior of the system. In the absence of bit walk, two par-
ticular values, gPj and gPj , which are only function of the BHA
geometry (n parameters), have been identiﬁed as corresponding
to cases where the steady-state solutions are independent of the
RSS force C and of the weight !, respectively. These values are
associated with a change in the directional response of the system.
The model can in principle be extended to account for more
complex designs of the BHA, by computing the inﬂuence coefﬁ-
cients F and M using the FEM. As long as the Euler–Bernoulli
hypotheses are applicable, the structure of the model remains un-
changed. Other considerations that could be important in ﬁeld
applications include the recognition that there is an effective limit
to the bit tilt, a possible undergauging of stabilizers, and a limit to
the extension of the pads on an RSS (implying the need to account
for a switch between a force and a displacement condition at the
RSS). Such considerations will lead, however, to the formulation
of a non-linear system of equations for the four unknowns charac-
terizing the steady-state.
Issues that remain to be addressed in the future are (i) formulat-
ing the underlying dynamical system, (ii) establishing the conver-
gence of the transient solutions toward the steady-state solutions,
which are equilibrium points of the dynamical system, and (iii)
studying the stability of the equilibrium solutions.7. Acknowledgements
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The dimensionless coefﬁcients F and M depend only on the
geometry of the BHA, i.e., on the n parameters K and
,i ¼ ki=k1; i ¼ 2;n. They are given in (A.2), (A.3) and (A.4) for
BHA with 1, 2, or 3 stabilizers, respectively. Some of these coefﬁ-
cients always have the same sign independently of the geometry
of the BHA,
F b 6 1 F r < 0 F 1 > 0 F 2 < 0
Mb P 1 Mr > 0 M1 < 0 M2 > 0
ðA:1Þ
1-stabilizer BHA.
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Fw ¼ 58 ;
F r ¼ 2 3K
2 þK3
2
;
Mb ¼ 1;
Mw ¼ 18 ;
Mr ¼
K 2 3KþK2
 
2
: ðA:2Þ
2-stabilizer BHA
F b ¼ 6þ 4,23þ 4,2 ;
Fw ¼ 6þ 10,2  3,
3
2
12þ 16,2 ;
F r ¼ 3 4,2 þK
2 9þ 6,2ð Þ  2K3 3þ ,2ð Þ
3þ 4,2 ;
F 1 ¼ 63þ 4,2 ;
Mb ¼ 4 1þ ,2ð Þ3þ 4,2 ;
Mw ¼ 1 2,2 þ ,
3
2
12þ 16,2 ;
Mr ¼ K 1Kð Þ 3þ 4,2 K 3þ 2,2ð Þ½ 3þ 4,2 ;
M1 ¼  23þ 4,2 : ðA:3Þ
3-stabilizer BHA
F b ¼ 6,3 þ 6þ 4,3ð Þ,2 þ 3,
2
2
3,3 þ 3þ 4,3ð Þ,2 þ 3,22
;
Fw ¼ 12,3 þ 12þ 20,3 þ 3,33

 
,2

þ15,22  6,3,32  3,42

=8 3,3 þ 3þ 4,3ð Þ,2 þ 3,22
 
;
F r ¼ 1Kð Þ 6 1Kþ 2K2
 
,3
h
þ 2 3 4,3 K 3þ 4,3ð Þ þ 2K2 3þ ,3ð Þ
 
,2
þ3 2 2KþK2
 
,22
i
= 6,3 þ 6þ 8,3ð Þ,2 þ 6,22
 
;
F 1 ¼ 6 ,2 þ ,3ð Þ3,3 þ 3þ 4,3ð Þ,2 þ 3,22
;
F 2 ¼  3,23,3 þ 3þ 4,3ð Þ,2 þ 3,22
;
Mb ¼ 4,3 þ 4 1þ ,3ð Þ,2 þ 3,
2
2
3,3 þ 3þ 4,3ð Þ,2 þ 3,22
;
Mw ¼ 2,3  2þ 4,3 þ ,33

 
,2

3,22 þ 2,3,32 þ ,42

=8 3,3 þ 3þ 4,3ð Þ,2 þ 3,22
 
;
Mr ¼ K 1Kð Þ 6 1Kð Þ,3  3 2Kð Þ,22

 6þ 8,3  6þ 4,3ð ÞKð Þ,2
= 6,3 þ 6þ 8,3ð Þ,2 þ 6,22
 
;
M1 ¼  2 ,2 þ ,3ð Þ3,3 þ 3þ 4,3ð Þ,2 þ 3,22
;
M2 ¼ ,23,3 þ 3þ 4,3ð Þ,2 þ 3,22
: ðA:4ÞThe coefﬁcients Fj and Mj derived from the js-terms in the
expressions (42) of the generalized forces on the bit are deﬁned as
Fj ¼ 12 F b þ
Xn1
i¼1
F i ,i þ ,iþ1ð Þ
" #
;
Mj ¼ 12 Mb þ
Xn1
i¼1
Mi ,i þ ,iþ1ð Þ
" #
: ðA:5Þ
As for the other coefﬁcients F and M, they depend only on the
geometry of the BHA. The coefﬁcient Mj is always positive. The
coefﬁcient Fj changes sign for every additional stabilizer: for a
BHA with one stabilizer it is negative, for 2 stabilizers it is positive,
and so on.Appendix B. Coefﬁcients for the steady-state solutions
The coefﬁcients Q, in the general expression (45) of the steady-
state parameters, are given by
QH1¼ F rMbF bMrþMrgPð Þ FjMb F bgPð Þ MjþvPð Þ½ =R;
QH2¼gP FjMbMr½ þ F rMb2F bMrð Þ MjþvPð Þ=R;
QH3¼gPMb F rMjFjMrþF rvPð Þ=R;
Qw1¼ F rMwFwMrð Þ FjMb F bgPð Þ MjþvPð Þ½ =R;
Qw2¼gP F rMwFwMrð Þ MjþvPð Þ=R;
Qw3¼gPMw F rMjFjMrþF rvPð Þ=R;
Qj1 ¼ F rMbF bMrþMrgPð Þ FwMbF bMwþMwgPð Þ=R;
Qj2 ¼gP F rMbMwþFwMbMr2F bMrMwð Þ=R;
Qj3 ¼gPMb F rMwFwMrð Þ=R;
Qa1¼ FwMbF bMwþMwgPð Þ F rMjFjMrþF rvPð Þ=R;
Qa2¼gPMw F rMjFjMrþF rvPð Þ=R;
Qa3¼gP MjþvPð Þ F rMwFwMrð Þ=R; ðB:1Þ
where the denominator is given by
R¼ FwMbF bMwþMwgPð Þ FjMb F bgPð Þ MjþvPð Þ½ 
gP FjMbMwþ FwMb2F bMwð Þ MjþvPð Þ½  1cos-ð Þ:
ðB:2ÞAppendix C. Degenerate steady-state solutions
C.1. Straight boreholes
Helical stationary solutions degenerate into straight boreholes
if their equilibrium curvature js vanishes. The condition js ¼ 0,
along with the general expressions (45) for the steady-state
parameters, gives the particular orientation ss of the RSS force re-
quired to have a straight borehole
tan ss ¼Mb FwMr  F rMwð ÞgP sin-=S;
with S given by
S ¼ MbF r  F bMrð Þ MbFw  F bMwð Þ þMrMw gPð Þ2
þ MbMrFw þMbF rMw  2F bMrMwð ÞgP cos-: ðC:2Þ
The equilibrium inclinationHs of a straight borehole can also be
derived from (45) and is given by
! sinHs ¼  MbF r  F bMrð Þ2 þM2r gPð Þ2
h
þ 2Mr MbF r  F bMrð ÞgP cos-C2=S: ðC:3Þ
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the vertical plane of the borehole, i.e., the horizontal component C3
vanishes. It is the case either if the bit has a neutral walk tendency
(- ¼ 0), or if the position of the RSS is such that K ¼ K	, which cor-
responds to the gP-independent case discussed earlier. Further
investigation on straight equilibrium boreholes can be found in
Perneder and Detournay (2013a).
C.2. Circular quasi-stationary solutions
If the variations of borehole inclination are small enough on the
considered length of borehole, the inﬂuence of the weight on the
system can be taken as constant and the corresponding stationary
solutions are no longer helical but circular boreholes. These circu-
lar boreholes can actually be seen as quasi-steady solutions as the
rate of convergence of the system toward such a steady-state is
usually one or several orders of magnitude faster than the rate of
change of the borehole inclination (Perneder and Detournay,
2012). In other words, the system usually converges to a circular
borehole before the change in borehole inclination has a signiﬁcant
effect on the borehole propagation.
The borehole inclination is now viewed as being an imposed
parameter; it is denoted as Hw, as it pertains to the weight of the
BHA. A circular borehole is bending in the plane I1; I3ð Þ but also
in the vertical plane I1; I2ð Þ. Hence, such a quasi-static solution is
described by constant borehole curvatures j2s and j3s respectively
associated with the bending in the planes I1; I2ð Þ and I1; I3ð Þ. The
resolution follows a similar procedure as for the helix except that
now the argument used to provide the simpliﬁed expression of
the bit lateral force F^3 in (40) is no longer valid as M^3 does not
vanish.
The procedure is illustrated here for a simple case that assumes
that (i) the bit is not walking (- ¼ 0) and (ii) the quasi-steady cir-
cular borehole propagates in a vertical plane. In this case, we are
only concerned with the determination of j2s and ws.
Solving the BHA problem now yields the following expressions
for the bit force and moment
F^2=F	 ¼ F b ws þ
1
2
j2s
 
þ Fw! sinHw þ F rC2 þ
Xn1
i¼1
F iDhi;
M^3=k1F	 ¼ Mb ws þ
1
2
j2s
 
þMw! sinHw þMrC2 þ
Xn1
i¼1
MiDhi;
ðC:4Þ
where the Dhi are the kinks given by
Dhi ¼ 12 ,i þ ,iþ1ð Þj2s; i ¼ 1;n 1: ðC:5Þ
Also, the bit/rock interface laws and the kinematic relationships for
a circular borehole yield
F^2=F	 ¼ gPws;
M^3=k1F	 ¼ vPj2s: ðC:6Þ
Eqs. (C.4), (C.5) and (C.6) provide a set of two equations that can be
solved for the steady-state parameters, which are given by
j2s ¼  F bMr  F rMb MrgPFjMb  F b  gPð Þ Mj  vPð ÞC2
 F bMw  FwMb MwgPFjMb  F b  gPð Þ Mj  vPð Þ! sinHw;
ws ¼
F rMj  FjMr  F rvP
FjMb  F b  gPð Þ Mj  vPð ÞC2
 FwMj  FjMw  FwvPFjMb  F b  gPð Þ Mj  vPð Þ! sinHw: ðC:7ÞIn these expressions, the RSS force C2 and the projected weight
sinHw! can be understood as two distinct forcing terms.References
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